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Abstract 

We consider the dimensional reductions of = 4 Super symmetric Yang-Mills 
theory on M x 5^ to the three-dimensional theory on M x S"^, the orbifolded 
theory on M x S'^/Z^, and the plane- wave matrix model. With explicit emphasis 
on the three-dimensional theory, we demonstrate the realization of the SU{2\3) 
algebra in a radial Hamiltonian framework. Using this structure we constrain 
the form of the spin chains, their S-matrices, and the corresponding one- and 
two-loop Hamiltonian of the three dimensional theory and find putative signs 
of integrability up to the two loop order. The string duals of these theories 
admit the II A plane- wave geometry as their Penrose limit. Using known results 
for strings quantized on this background, we explicitly construct the strong- 
coupling dual extended SU{2\2) algebra and discuss its implications for the 
gauge theories. 
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1 Introduction and summary 

Mass-deformed Lie superalgebras continue to play an important role in deepening 
our understanding of the gauge-gravity correspondence. The algebras in question 
are generically of the form 

{Q\Q} = P + mR, (1) 

where R is typically some combination of spacetime and R-symmetry rotation gener- 
ators and m denotes a basic "mass-gap" in the spectrum of observables constrained 
by the supersymmetry algebra. Perhaps the most dramatic manifestation of this 
algebraic structure is the integrability of the large- iV dilatation operator of A/" = 4 

^Because we will be dealing with string theory backgrounds which do not contain an AdS 
subspace, and non-conformal dual field theories, we will avoid use of the more colloquial term 
''AdS/CFT' in this context. 



1 



supersymmetric Yang-Mills theory {JV = 4 SYM), where the "mass-gap" is the gap 
in the spectrum of conformal dimensions A of the operators of the theory, for which 
A > 2. One of the basic building blocks on which much of the machinery that ren- 
ders the four dimensional superconformal theory integrable rests is the closed SU (2|3) 
sector. The matter fields in this sector comprise two Weyl fermions ■i/'Q,, a = 1, 2, trans- 
forming under an SU{2) of the Lorentz group L, and three complex scalars X, Y, Z, 
transforming under an SU{3) G S'f/(4) ~ S0{6) of the R-Symmetry group R. The 



relevant supercharges S^, Q^, satisfy 



{S:,Q'',} = 6T,D + 6:L'^, + 6",RI (2) 

where a, b are SU{2) indices corresponding to an SU{2) contained in the R-symmetry 
group. This is nothing but a subalgebra of the full four dimensional superconformal 
algebra and S,Q are a subset of the superconformal and supersymmetry generators 
respectively [ij]. D is the dilatation operator, which is realized as a quantum spin 
chain in the large- iV limit. The ferromagnetic ground state of the chain is spanned 
by the chiral primary operators Tr(Z''). The excitations/magnons transform under 
the residual SU {2\2) symmetry, which has profound consequences. For instance, the 
^'-matrix of the spin chain, and its dispersion relation are both severely constrained 
to all orders in perturbation theory by this symmetry. The SU{2\2) invariance also 
constrains the ^-matrix to satisfy the Yang-Baxter equations 0, Hj. It is, of course, 
natural to ask if these compelling consequences of the underlying (mass-deformed) 
supersymmetry algebra have any repercussions for theories other than A/" = 4 SYM. 

Recent developments point out that the SU {2\2) symmetry plays a greater role 
in the gauge-gravity correspondence than was previously realized. For example it 
appears in the studies of = 6 supersymmetric Chern-Simons (SCS) theories in 
two different contexts. The A/" = 6 conformal models appear to posses an integrable 
dilatation operator in the large- limit 0, [ij . The dilatation operator is part of the 
center of a SU{2\3) algebra just as in the case of the four dimensional superconformal 
theory mentioned above. A generalization of the A/" = 6 SCS models can be ob- 
tained by adding appropriate mass terms to the matter fields. These mass-deformed 
models can be engineered to preserve 4 < A/" < 8 supersymmetry at the expense 
of conformal invariance. For such models S'L'^(2|2) algebras also arise as part of the 
spacetime supersymmetry, and they can be used to obtain all-loop results for the 
spacetime S*- matrices of the massive theories j^. These results clearly suggest that 
the search for other natural habitats for mass-deformed supersymmetry algebras and 
their consequences for the gauge/gravity duality are worthwhile endeavors. 

A natural set of theories to investigate in this regard are the dimensional reductions 
of A/" = 4 SYM on R X S*^. The S^ can obviously be identified with SU (2). Discarding 
the dependence of the degrees of freedom of the four dimensional theory on Z^, U (1), 
an ci SU{2) produces 16 supercharge theories with massive spectra on M x S^/Zk, 
X S*^ , and R respectively |7| . The theory on R is nothing but the plane- wave matrix 



model (PWMM) (8[ while the other dimensional reductions result in gauge theories 



^Both Zk and U{1) E SU{2) - 
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with massive spectral^l. Concrete proposals for the dual string theories corresponding 
to these dimensionally reduced models were also enunciated in 0. Since the SU{2\^ 
symmetry of the four dimensional gauge theory is preserved by these dimensional 
reductions it is imperative to try and uncover its consequences in the gauge/string 
dualities tying the lower dimensional non-conformal theories to string theories in non- 
AdS type backgrounds. This line of investigation also has the advantage of being 
a valuable probe for the utility and robustness of the gauge- gravity conjecture for 
massive and non-conformal gauge theories and their dual string theory backgrounds. 
In much of the analysis that we perform, we concentrate on the three dimensional 
gauge theory and its string dual, while commenting on the generalizations of our 
results to the orbifold theory and the plane wave matrix model where we can do so. 

Since much of our intuition about the use of mass-deformed superalgebras derives 
from studies of the dilatation operator oi Af = 4 SYM on M^, it is instructive to 
recall how the conformal transformation mapping the theory to R x S''^ affects various 
elements of the superconformal algebra. In the flat background the superconformal 
algebra takes on the following heuristic form 

{Q,Q} = P, 

{S, S} = K, (3) 
{S,Q} = D + R + L, 

where K is the super-boost generator. Going from the flat space to amounts to 
radial quantization of the conformal theory. Under this quantization scheme, the 
generators map as follows jof: 

Q^Q, S^Q\ D^H, t^r. (4) 

The relation between and 5 is a consequence of the natural hermiticity properties 
endowed on the physical states upon the conformal transformation j9|. The last two 
relations in @ simply imply that dilatations are mapped to radial scalings in the 



scheme of radial quantization, with the Hamiltonian assuming the role of D |10 
These identifications enable us to recover a mass-deformed algebra (the analog of the 
last equation in ([3])) even in the absence of conformal symmetries, as part of the 
supersymmetry algebra for the gauge theory on R x S"^. The SUSY algebra takes on 
the following generic form 

{Q\Q} = H + fiR + fxL, (5) 

where fi ~ (radius of 5'^)^^. It is important to note that the same basic algebraic 
structure is also valid for 16 supercharge theories on R x S'^/Zk, R x S*^ and R, even 
though, for these theories there is no natural sense in which they are equivalent to their 
massless counterparts. Recasting the details of the techniques applied in computing 



■^The mass for the scalars arises form the conformal coupling of the original four dimensional 
theory to the radius of S^. The masses of the gluons are simply a consequence of the lack of a zero 
mode for vector fields on and S^. 
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the spectrum of the dilatation operator of the four dimensional gauge theory and its 
string dual in the radial quantization scheme should then allow us to study and solve 
for the physical spectrum of these non-conformal gauge theories. 

As mentioned above, this proposal has the potential of translating into a non- 
trivial test of the gauge-gravity conjecture in light of the existence of bona fide string 
duals for the non-conformal lower dimensional massive gauge theories. These are the 
Lin-Maldacena geometries 0] , which we review in section [71 Quantizing the super- 
string in these backgrounds has only been successful in the plane- wave limit, yielding 
the same IIA plane-wave geometry for any of the Lin-Maldacena backgrounds Hap- 
pily, the plane-wave limit is sufficient for uncovering the string-dual manifestation of 
the SU {2\2) algebra we find in the gauge theories. The crucial element is the deriva- 



tion of the central charges. For the full superstring on AdS^ x S^, the authors of 11 



showed insightfully that the central extension of the algebra follows from a relaxation 
of the level-matching condition, the natural dual of the length-changing action in the 
gauge theory. We show that the very same mechanism is at play for the plane-wave 
limit of the Lin-Maldacena geometries, and this allows us a full exhibition of the 
SU{2\2) algebra in that limit. Under the assumption that the algebra persists be- 
yond the plane- wave limit, we are able to discuss, on a qualitative level, the finite-size 
corrections, worldsheet scattering matrix, spinning string and giant magnon solutions 
associated with these string sigma models. 

This results in this paper are organized as follows. In section |2] we explicitly 
construct the SU{2\3) algebra in SYM on M x 5^ and on M x S*^. In sections |3] and H 
we obtain the dispersion relation for SYM on M x 5*^, and constrain the form of the 
one and two-loop effective Hamiltonian. We also present evidence of integrability at 
the two loop level for the three dimensional theory. In section we show the natural 
generalization of the SU{2\2) S'-matrix from SYM on M x to SYM on M x S"^. 
Our results concerning the universal form of the dispersion relation and S-matrix are 
expected to remain valid to all loop orders. However, as far as the explicit forms of the 
effective Hamiltonians and statements about integrability are concerned, the present 
gauge theoretic analysis is restricted to the two-loop order. In section E] we discuss 
the extension of our results to the PWMM and SYM on M x S'^/'Lk- In section [7] we 
continue the analysis to the leading order at strong coupling using the dual string 
theory. We discuss the Lin-Maldacena geometries and review the quantization of 
the string on the IIA plane- wave. We then derive the SU {2\2) algebra in the plane- 
wave setting and discuss implications and further directions. Finally, we end with a 
discussion in section |8l 



2 SU{2\2) in SYM on M x 5^ and M x 5^ 

In this section, we isolate the closed SU{2\'i) sector in the sixteen supercharge Yang- 
Mills theories on R x S''^ and M x S"^. We start with the four dimensional theory in 

"^There is a caveat here concerning the vacuum of the gauge theory under consideration. The 
plane- wave geometry is only valid for "well-spaced" vacua. The meaning of "well spaced" is described 
in section [71 
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radial quantization and present the details of the emergence of the algebraic structure 
([5]) in a Hamiltonian picture. The analysis of the four dimensional model also allows 
us to calibrate and verify our results against known results for the dilatation operator 
for the gauge theory in flat background geometries. We find it convenient to use the 
conventions used in [l2|, and use the action 



^ = ^ Tr 

9 jRxS3 



+ -^[Xm, Xn]'^ — -Ar™[Xm, A] 



(6) 



where m,n = 1, . . . , 6 are S0{6) indices and a,b = 0, . . . , 3 are spacetime indices. 
It is understood that we have normalized the radius of to be 2//i, such that the 
volume is given by 27r^(2//i)^. In other words, 



(7) 



ixs^ Voy VA'/ J JO JO JO 

We can always adjust the radius to be any other number by correspondingly scal- 
ing the coefficient of the "mass-term" for the scalars. F*^ = (7" ® /§, F"*) are the 
ten-dimensional gamma matrices, while 7" are the four dimensional ones. The ten- 
dimensional spinor A is decomposed in terms of four-dimensional spinors as 

K 



A 



with A^ 



^ a 





where the SU{A) index A = 1, . . . , 4 and A^ is a positive chirality, four-dimensional 
spinor, so that \&q, carries an SU{2) index a = 1,2, i.e. it is a complex 2-spinor. 
The negative chirality counter-part is given by X-a = C'4(A+a)^, where C4 is the 



four-dimensional charge conjugation operator, see [12[ for details. The covariant 
derivatives Da = Va — i[Aa, ], where 



VaAt = e>^{d^Ab + uj^,'A,), 



(9) 



V.A = e:^(9^A + -<T,,A) 



where fi = t,9,(f),ip is a. curved-space index and a, b, c are tangent-space indices. The 
non- vanishing components of the vierbeins and spin connections are 

o sin 6' o cos 6' 



UJ12 



^31 



-U21 



-UJ13 



sin^ 
--(cos 

1 

— sm 
2 



^2 



cos6' 



sin^' ^ 
-d^), W23 = -W32 



--de, 
2 ' 



(10) 
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The supercharges Q, hke the fermionic fields, are decomposed as 

Q=( 



with Q-A = C4:{Q+a)^- Although the SO (6) basis, in which the scalar fields and 
gamma matrices are represented as and F™', provides a compact expression for 
the action ([6]), we will need to express the supercharges of the theory in an SU{4) 
basis where we have instead X"^^, A,B = 1, ... ,4, and similarly for the F"^. The 
dictionary between the two bases is given in appendix [Bl We adopt a Hamiltonian 
formalism with Ao = 0. In the canonical formalism, the explicit expressions for the 
supercharges are 



9 



S3 



9 J S3 [ ^ 



:i2i 



c 



(13) 

where Ei = g~'^Ai, 11^^ = g^'^X^^, and where we have introduced the spatial index 
i, j = 1, . . . , 3 so that a = (0, i). 

The supersymmetry variation of a generic field W — )■ 6f}V = [Q+a^+ + Q^^-a, VV], 
where the spinor e satisfies the conformal Killing equation 



V.4 = ±f 7.7°4- 



(14) 



The two signs on the r.h.s. of the Killing equation result in the signs in front of 
the "mass-terms" (the terms linear in Xab which do not involve derivatives) in the 
expressions for the supercharges presented above. In what is to follow, we shall take 
the upper sign in the Killing equation, which would correspond to the lower sign in 
front of the "mass-terms" in the expression for the supercharges. 

The canonical commutation relations following from the action are given by 



[XABix),X^^iy)] 
[A{x),A,{y)]=ig^6''{x-y) 6, 



^9%5^x-y) (5^ - ^g^^) 



{\U^)A^+{y)} = g'5\x-y)5^ 

{\^_{x)A'^BSy)}=9'^\x-y)6i 



(15) 



6 



It is useful to extract the action of the supercharges on single-particle states formed 
by the scalar and fermionic partons of the theory. For this purpose it is useful to 
introduce the oscillators 

1 



a 



AB 



2^^ 



AB 



a 



AB 



JJ_ 

2^^ 



Xab - i- 



1 



AB, 



(16) 



Notice, that these oscillators differ from the oscillator variables usually employed in 
the canonical quantization of massive scalar fields. We have not Fourier decomposed 
any of the spacetime coordinates, and the oscillator variables depend on the three 
coordinates as well as on time. The vacuum of the field theory is taken to be 



annihilated by uab and A_)_. 
fermionic fields 



On the single particle states built out of the scalar and 



[Q 



]|0)=2,/^(+5 



^A 

■'n 



M 



N 



|0), 



0, 



[q;a,«U]|o) 
{g;Aa,Awio) = -2^ 



|0), 



(17) 



(7'C^47°) 



|0). 



The above relations are true only modulo the equations of motion and spatial trans- 
lations, as they would be for any supersymmetric Yang-Mills theory. 
To proceed further, it is instructive to fix our conventions such that 



I 

1 



r = 





— icr* 







—a 








7^ = 







(18) 



The two bosonic and two fermionic states transforming under SU{2)ji and SU{2)l 
can be taken to be 



A note about the positions of the fermionic SU (2) indices is in order. ^ 



(19) 



M 



^™ and 

= are the natural positions of the SU (2) index "a" on the two component 
complex spinor ^. However in creating the state I'^a) the index is lowered using 
*Q = Co.ys^'*". It is also understood that ei2 = — e^^ = 1. After restricting A,B — 1,2 
on Q,Q* and renaming the restricted supercharges q^, q*", we obtain the fundamental 
representation of SU {2\2) which can be expressed manifestly as 



-2i 



g»|V^^)-2e«^e'^^|[0,,Z]), 



(20) 



= +2^ 



7 



The canonical anti-commutation relation between the supercharges is given by 

{C, %'] = '^^t^H + 4 (0 6ini + 4 (I) 6tCl (21) 

where 

This completes our discussion of a concrete realization of (E]) in the context of the 
Hamiltonian formulation of A/" = 4 SYM on M x S"^. As expected, the role of the 
conformal dimensions is assumed by the masses of the collective excitations of the 
gauge theory in the curved background, with the scale of the masses being set by /z. 



2.1 Dimensional reductions 



We shall now work out the dimensional reductions of the Hamiltonian and the super- 
charges to M X 5^. To carry out the dimensional reduction to the three dimensional 
spacetime, we need to assume that the scalar and fermionic fields do not depend on 
the U{1) coordinate ip. As for the gauge field, one simply replaces the third com- 
ponent of the one-form on the tangent space by a scalar; namely ^3 = $. More 
concretely 



= Atdt + AedO + 



H (cos 



+ #). 



(23) 



Using this decomposition in ([6]) and dropping the ip dependence of all the fields, we 
get 



^= ^Tr 



x52 



1 



1 fn 



2 V2 

+ !/^Ari23^-iAr3[$,A] 
8 2 



(24) 



The radius of S*^ is 1/ /x, with the non- vanishing dreibeins and spin connections given 
by the standard formulae 



sin 6 



(25) 



W12 



-UJ21 



cos 
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The three dimensional couphng is related to the four dimensional one as 



2 



The measure of integration 



= — dt sin Ode 

xS2 J Jo Jo 



2lT 



(26) 



(27) 



is defined to yield a volume of 47r//i^. This dimensional reduction yields the following 
expression for the supercharge for the three dimensional theory 



= ^Tr 

9s2 Js^ 



+ 2(AX^^)7VYA_c + 2^ (|) X^^VA- 



\ P 



,,3 \A 



(2^ 



c 



The last line contains all the terms involving the new (seventh) scalar field obtained 
from the dimensional reduction of the four dimensional vector potential. 

Comparing the expression for the dimensionally reduced supercharge with fll3p . it 
is easy to see that it admits a restriction to an SU (2|3) sector, just like fl20p . However, 
we have not yet shown that the supercharge presented above is indeed a symmetry 
of the Hamiltonian obtained by the dimensional reduction to M x 5*^. To do that, we 
need to reproduce the supercharge as the time component of a supercurrent, which 
we shall now proceed to do. To this end, it is instructive to recall that for = 1 
SYM in 10-d, 

C = -\fmnF^^^ + i^T^^Dm^, (29) 



the SUSY variations of the fields 



5An 

produce the supercurrent 



= 2^^r^'^r^«FpQe. 



(30) 
(31) 



The supercharge is then given by 



Q= f = 2i ^rr^r^^Fpge. (32) 

J space J space 

Keeping the ten dimensional theory in mind, one can write the Lagrangian for the 
X S"^ theory in the following form [13 



1 

2' 



2 

4 



2^2 



(33) 
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where the 10-d gauge field is understood as Am = (A^,0m) = {Afj,,^,(f)m) with 
/i = 0, 1, 2 and m = 3, . . . , 9, rh = 4, . . . , 9. The SUSY variations of the fields are 
expressed as 

5 Am = -2i^TMe, 5^ = FMN^^'^e - /iF^r^^s^^^ _ ^r^r^^s^^^ ^34) 

Since the kinetic part of the action is not different from A/" = 1 SYM in 10-d the 
//-independent part of the supercurrent that does not involve total derivatives will be 
the same as in the ten dimensional theory. Extra total derivative (surface terms) are 
generated from the //-dependent piece of the variation of the fermion kinetic term, 
whose contribution to 6C is 

Vm {i^T^^ (/ir'"ri2=^0„ + fxT^T'^^^) e) . (35) 

Of course the very same term is generated by the new /i-dependent piece of j^^^^5^. 
These add in the expression for the supercurrent, giving us 

Q = j ^22^r°r^^FpQe - 2i/t^r°r"Ti23^„e - 2i/t'|fr°r=^r^23^gj ^ (^^q^ 

which is thus the supercharge for the M x S*^ theory, albeit in a rather compact 
notation. Expressing the SO (6) fields in terms of SU{4:) ones using the dictionary in 
appendix [Bl we find 

+ 2ig^^^'[^, X^^]X_B + 2^^70[X^^, Xcs] - i^X^^X_b - i^'^ K 

■(37) 

This agrees with f l28|) up to the overall Ai outside, which can be easily absorbed in a 
redefinition of the charge. 

The construction clearly shows that we can restrict the three dimensional theory 
consistently to an 5'?7(2|3) sector. Furthermore, the reduced supercharges act on the 
SU{2\?)) states exactly as in f l2U]) . with g replaced by (7^2. The three dimensional 
supercharges constructed above satisfy the same massive algebra (I2T]) as the four di- 
mensional theory allowing us to constrain its quantum spectrum on algebraic grounds 
as discussed below. 



3 Dispersion relations and the extended SU (2\2) al- 
gebra 

In this section we shall focus on constraining the spectrum of the four and three 
dimensional sixteen supercharge theories in the scheme of radial quantization. We 
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shall put special emphasis on the role played by the scale introduced by the radius 
of the sphere Following that we shall extend the formalism to incorporate the 
three dimensional J\f = 8 theory. Following [2I, we write the SU {2\2) algebra (120]) 
abstractly as 

qT\<P,) = cea,e^('\i;f,), 
qT\i^p) = d6-^\<j>a). 

In the fundamental representation, which corresponds to the tree-level field theory, 
one has a = —H^f[ij2g^ ^ b = c = 0, and d = +2i y.g^ 12. To proceed beyond 
the classical theory, one needs to augment this algebra by two new generators P, K 
defined by 0, 3 

{ql.q\} = e'^'e^f^P = e^'e^fiah 
{qT.ql^} = ^''^^abK = e''Pea,cd 

where P and K annihilate physical states. Notice that unlike the case of the gauge 
theory on R^, P and K are not independent, as P = K* . This is yet another artifact 
of the effect of the conformal transformations that map the theory from fiat spacetime 
to the sphere. The conformal transformation maps the superconformal generators to 
the conjugates of the supercharges, and the relation between P and K is another 
reflection of the same map. 

Closure of the algebra on H and the rotation generators yields 

if=l(arf + 6c) and {ad - be) = 2fj,. (40) 

The second, level-shortening condition, is easily checked to be satisfied at the classical 
level, using the values of a, b, c, and d in f l20|) . These relations also yield the dispersion 
relation for the magnons 

1 



H=-^^^^ + PK. (41) 

All the statements made above hold both for the four and three dimensional gauge 
theories. However, for the specific case of the three dimensional theory, we would like 
to emphasize that its Hamiltonian involves the "perfect square" term (P12 — yU$)^, 
whose minima generate the moduli space of the vacua of this theory. Our results for 
SYM on M X S*^ only apply to the trivial vacuum $ = 0. From the viewpoint of the 
gauge-gravity duality, the string dual flMl) for the theory proposed in 0] and studied 
later in the paper applies only to this vacuum, making it particularly interesting. 



^ Other vacua of the gauge theory correspond to monopole backgrounds It would doubtless 
be interesting to understand the quantum spectra of the theory around these non-trivial vacua as 
well. 
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To proceed further, it is important to parameterize the algebra as 

a = \/ fih{X)r] 

rC, 



b = a/ jih(\) — (l — /x 
V 



IT] 



(42) 



d= ^jjh{X) — {l-x-/x+) 

17] 

The above parameterization, where h is an arbitrary function of the dimensionless 
't Hooft couphng of the gauge theory is specific to the case of the M = 4 theory on 
M X S"^. That is so because the length dimensions of the four parameters are all equal 
to —1/2 only in the four dimensional theory. It is easily seen that for the M x S"^ case, 
a and c are dimensionless, while b and d have length dimension —1. The appropriate 
parameterization in that case is 



./h(X)r], 



^l^h{\)-{l-x+/x-), 

7] 

it] 



(43) 



(x^ 
x' 



d = ^\/h{\) — (1 — X /x^). 
ir] 

However, in both cases the shortening condition implies 



2i , I _ I 

x+ + — - X -. (44) 



h{\) x+ x 

Also, writing x'^ jx" = e*^ allows us to write 

P = ab = fih{X){l-e'''), 

K = cd = fih{X){l-e-'''), 

for both theories in question. Thus the dispersion relation for both the N' = 4 and 
M = 8 theories can naturally be expressed as 



(45) 



= I ^1 + 4/^2 ( A) sin^ ( A;/2) . (46) 

Obviously, in the case of the three dimensional theory, the dimensionless 't Hooft 
coupling is gi.2N/ jji. Using this expression, we see that the dispersion relation agrees 
with the k <^ 1 limit of the one derived in [3| (and reviewed in section [7]) from the 
world-sheet point of view. 

The function h{X) cannot be fixed be from the constraints of supersymmetry alone. 
In the following chapters we determine it for the weakly coupled three dimensional 
theory at two loop order (up to a single undetermined constant) and at strong coupling 
from the dual string picture. In the gauge theoretic analysis, we use the known results 
about the spectrum of the dilatation operator of the four dimensional theory as a 
benchmark for calibrating our methods and results. 
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4 Weak coupling spectrum and integrable spin chains 



The form of the dispersion relation, discussed in the previous section could be deter- 
mined from an understanding of the realization of the SU{2\2) algebra alone. It has 
the same "universal" form for all the dimensional reductions of the four dimensional 
theory whose Hamiltonians are embedded in the SU {2\2) structure as in (1201) . We 
shall now focus on the determination of the specific effective Hamiltonians for the 
gauge theories in question, and show how their spectra are related to those of quan- 
tum spin chains. The new results in this section include the determination of h{X) 
to two loop order in the three dimensional gauge theory, which also appears to be 
integrable (at least in the SU{2) sector) at this order. We also determine the full 
S'?7(2|3) symmetric effective Hamiltonian at one-loop and find its leading correctioij^. 

To compute the effective Hamiltonians for both the M x 5^ and M x S*^ within the 
scheme of radial quantization we first recall that the states (for both theories) under 
consideration are generically of the form 

l^i^2 ■■■in) = Tr(a|^a|^ ■ • • a|j|0), aj = (4i)o- (47) 

{(y\j)o corresponds to the lowest spherical harmonic mode in the momentum space 
expansion of the oscillators (0:4^, i = 1,2,3 on 5''^ or S^. Though not displayed 
above, it is implied that we also include the fermionic states ipa so that the Hilbert 
space transforms under SU {2\3). 

As it stands, although these states have a global SU (N) invariance, they do not 
seem to be invariant under local gauge transformations, which will typically mix the 
different momentum modes. However, we need to keep in mind that we shall work 
with a gauge fixed Hamiltonian, for which the states can only be classified by their 
quantum numbers. In such a gauge fixed J^*^-like scheme these states are physical 
and normalizable. In the conformal field theory, these states are mapped to local 
composite operators built out of scalar fields alone once the theory is mapped to M^. 
Local operators with covariant derivatives inserted on would, in turn, correspond 
to operators with higher spherical harmonics on M x S*^. The classification scheme for 
operators based on R charge and J^*" assignments is valid for the three dimensional 
N' = 8 theory as well, as is the physicality of the states mentioned above. 

At tree level, the Hamiltonians for A/" = 4 SYM on R x S"^ and R x S'^ reduce 
to harmonic oscillator Hamiltonians, with a single oscillator assigned to each angular 
momentum mode. The spectrum of the SU {2\3) states is simply given by their 
engineering dimensions at that level. The one-loop correction to the energies is given 

by 

AE' = {I\ : (h'' + H'—^hA : |/) = {I\AH'\I), (48) 

V Eq- Hq J 

where and are the quartic and cubic parts of the Hamiltonian. H is the 
projector on to the subspacqll orthogonal to the states of energy Eq. The expressions 

^For the full 5t/(2|3) sector, there is an intermediate 'dynamical' contribution between the one 
and two loop contributions. 

^Note that this subspace includes states built from non-zero-mode excitations. 
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for H^, are also taken to be normal ordered. The normal ordered expressions can 



be mapped to Hamiltonians of quantum spin chains [IJ, ll5[. The general connection 



between matrix models and their generalization to field theories and quantum spin 



chains due to Lee and Rajeev has been reviewed in [16|. For previous use of this 
identification in context of both the four dimensional gauge theory and the plane 
wave matrix model we shall refer to 

BIIMoj- Here we recollect some of the relevant 



facts about these matrix valued operators for the sake of completeness. 

The typical term at a given order in perturbation theory takes on the form 

©5 = ^(.+ -„2)/2 Tr (W^t/iH^t/. . . . W^'^Wj^Wj^_, ■■■Wj,). (49) 

The strings / = Iil2---Ii and J = JiJ2---Jj denote fixed orderings of the bits 
li, Jj, etc., which are shorthand for all SU{2\3) and angular momentum indices. The 
oscillators Wj collectively denote the three bosonic and two fermionic matrix valued 
oscillator variables. These SU{N) invariant operators form a closed lie super-algebra, 
whose basic anti-commutation relations are given as 



J=JlJ2 



K=KiK2 J=JiJ2 
K=KiK2 



J=JlJ2 J=KiK2 



_-^Y(KiMI)+e{J)].K2QKiI 
I ,J\ LJ2 



+ E 

J=JlJ2 

K=KiK2 

J=Jl J2 J3 

+ (^_iy{KiMnMJ)]§K2QKiIKs 
K=KiK2K3 

_^_iy<I)+<J)MK)+eiL)] (j^ J^K,L). (50) 

In the above formula, expressions such as Ylj^j^j^ imply summing over all ways of 
writing the string I as the concatenation of two strings Ji and I2. e{I) denotes the 
grade of the string J, which is zero if it is bosonic and 1 if it is fermionic. The 
full Lie algebra also includes an ideal which includes elements that encode finite size 
effects. However, since we shall be working on states of infinite size we shall ignore 
the contribution of the ideal, which is irrelevant for our present concerns. A more 
complete discussion of this algebra can be found in [16j. 

When the operators are bosonic, their action on the single-trace states can be 
expressed as 

e'j\K) = 6f\I)+ E ^J'\IK2). (51) 

K=KiK2 
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Identifying the states with those of a quantum spin chain, we see that 9*^^ = J2i Pi,i+i^ 
which is to be replaced by the graded permutation operator 11 when fermionic creation 
and annihilation operators are included. 

On general grounds of SU (2|3) invariance in the sector of the gauge theories under 
consideration, the one loop effective Hamiltonian AH^ = a9yj + /39*j- = 
/3J/,/+i), for some constants a and /3. Requiring AH^ to annihilate the chiral primary 
operators Tr(a3)"|0) yields a = —(3. To determine the coefficient of 11, we see that in 
the bosonic SU{2) sector the permutation operator arises entirely from the quartic 
interaction vertex in H^, whose contribution is 



4^7 

(52) 

The formula is true for both and S^, where \Q\ denotes the associated volume. 
Substituting the explicit formulae for the volumes, we have 

for both the theories in the closed SU{2\3) sector. The coupling constant, for the 
three dimensional theory expressed in terms of is g'^2N/{47r). It is gratifying to 
note that for the four dimensional theory, the above formula agrees with the known 



result for the dilatation operator on M [20[, after one sets the radius of S to unity 



i.e. n = 2. It also agrees with the one loop result obtained for the three dimensional 



theory in 2l|]. In that paper, AH^ was computed for the full SO {6) sector, which 
is closed, as it is in the four dimensional theory, (only) at one loop. Restriction 
of that result to the SU{2) sector agrees with above Hamiltonian. Moreover, our 
understanding of how the S'L'^(2|3) symmetry is realized in the radial Hamiltonian 
formalism allows us to generalize the one-loop result to the full SU {2\3) sector and, 
as we shall see below, go beyond the one-loop level. 

4.1 Higher loops 



In pj, it was shown how the SU {2\3) symmetry alone can be used to constrain the form 
of the higher loop corrections to the dilatation operator of A/" = 4 SYM. Although the 
four dimensional superconformal theory was the focus of the analysis in that paper, 
the results in pLj] can be readily adapted to determine the leading corrections to the 
one-loop radial Hamiltonians for the gauge theories we study as well. Requiring that 
the generators of the SU{2\3) algebra close order by order in perturbation theory [ij 
it is possible to write down the complete leading correction to (!53l) as 



^Hsui2i3) = f i^KQis - ©ba) - V ^-^ie-'eabcQa',' + e^.e^'^Ot) ■ ■ ■ j , (54) 

where the capital indices in the first term on the r.h.s. are meant to stand for both 
the SU{3) (i.e. a, b, c, . . .) and SU{2) (a, /3, . . .) indices. The second term breaks 
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the SU{2\3) invariance to SU{2) x SU{3) and it encodes the "dynamical" effect of 
altering the length of the spin chain. It is a non-trivial fact that the effective Hamil- 
tonian is integrable at this order 0]. In the context of the four dimensional gauge 
theory, we have reproduced the known result for the dilatation generator explicitly 
within the scheme of radial quantization. However since both the form of AHsu{2\3) 
given above and its integrability follows directly from the symmetry algebra, we also 
claim the above formula to be the complete first non-trivial correction to the effective 
Hamiltonian for the A/" = 8 model on M x S*^. Furthermore, it also appears to be 
integrable at this order. 

The coupling constant A is to be identified with g'^N/ (Stt^) for the four dimensional 
theory and g'^g2N / {2^t[) for the M x S'^ model. 

To analyze the question of integrability at two loops it is instructive to restrict 
ourselves to the bosonic SU{2) sector. For the four dimensional A/" = 4 theory, the 
explicit forms of the dilatation operator, are known up to five loop order (ll. 123-25 



These results can be readily mapped to the five loop effective radial Hamiltonian 
using the maps between the 't Hooft couplings of the theories on and M x S*^ given 
before. In the absence of alternate explicit computations of spectra, one can continue 
to use the symmetry to constrain the radial SU{2) Hamiltonian for the M x S*^ model 
at the two loop order up to a single undetermined constant. Stated explicitly 

^Hsui2) = I (A(e:^ - etl) + \'[{2et^ - ^e^ - ^e^^^) + a,ie:l - e^^)] + ■■■), 

(55) 

where ai is the new undetermined constant for the three dimensional theory which is 
equal to zero in the four dimensional case, by the requirement of BMN scaling, which 
is present in the A/" = 4 theory at this loop order. However, it is not known if there 
is any reason to expect such a scaling in the three dimensional theory as well. It is 
known that for the PWMM (as for A/" = 4 SYM), BMN scaling is violated only at the 
four-loop order 19|, |26|. Nevertheless, the perturbative integrability of the effective 
Hamiltonian is ensured for arbitrary values of cti. A higher charge Q = XQo + X^Qi 
can be constructed such that [AH, Q] = (9(A^). The explicit form of the higher charge 
is 

/ I redact r\bdca , r\dbac r\cbda\ ^ ' 

1 — 1^-0^0 + '^abcd ~ ^abcd + ^ abed ~ ^ abed) ■, 

and it establishes the two-loop integrability of the SU{2) sector of the three dimen- 
sional theory. As we discuss below, the scattering matrix of the spin chain describing 
the SU {2\3) sector of the gauge theory is factorized, which allows us to interpret the 
the two loop integrability in the SU{2) sector as an important piece of evidence in 
favor of integrability of the full SU {2\3) sector at this perturbative ordeil^. Finally, 
we note that at this order, the scaling function is determined to be 

h\X) = 2X + 2aiX^ + ■■■ . (57) 



^The two-loop Hamiltonian for the full SU{2\3) sector, determined up to a few constants, by 
requiring the perturbative closure of the algebra is available in 1] . Those results are obviously valid 
for the three dimensional theory as well. 
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5 Integrability and scattering matrices 



In this section we comment on carrying over the insights gained from the studies of 
the multi-particle ^-matrix for the planar dilatation operator of A/" = 4 SYM on 
to the radial Hamiltonians described in the previous sections. Having interpreted the 
effective planar Hamiltonians in the SU {2\3) sector of the three and four dimensional 
gauge theories as spin chains, we can proceed to constrain the ^-matrix of the spin 
chain using the symmetry algebra by adapting Beisert's techniques in 0,0]. We bear 
in mind that the ferromagnetic vacuum of the spin chains involves states made out 
of Z's alone, while the excitations/magnons transform under the residual SU{2\2) 
symmetry, which is also the symmetry of the 5'-matrix. Since the details of the 
determination of the 5*- matrix by the use of the SU {2\2) algebra have been expanded 
on at length in j2|, S|, we shall refer to Beisert's original papers for the technical 
details. 

The generalization of the single particle (fundamental) representation of the SU (2|2) 
algebra ( 138|) to multiple particles involves the introduction of the Z"^ (length chang- 
ing) markers as follows 

qT\cP,) = cea,e'^^\^^Z-), 
qT\ij^) = d6"^\^a). 

Comparison with fl20p immediately clarifies the role of the markers as essentially 
bookkeeping devices for gauge transformations. The generators P and K act as 

P\W) = ab\WZ+), K\W) = cd\W Z-) . (59) 

In the case of the scattering of two magnons, the two particle S'-matrix can be con- 
strained up to ten undetermined functions of the magnon momenta. The action of 
the S'-matrix on two particle states can be expressed in all generality as 

= A,^\4>\Al)) + B,,\<t>l4>\) + \c,2eabe'^^\^l^lZ-) 

S,M14>1) = K,2\€4>1) + Lr2\fyl) 

Requiring the two body scattering matrix to commute with the supersymmetry gener- 
ators uniquely determines the ten undetermined functions in terms of a single function 
S^2- For example 

Ai2 = S°2^i^. (60) 

The expressions for all the other functions B ■ ■ ■ L in terms of S12 can be found in 
table-1 of jij. Furthermore, the scattering matrix satisfies the Yang-Baxter algebra 

S'l25'i3S'23 = 5'23S'i3S'i2, (61) 
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fulfilling the necessary condition for the integrability of the SU {2\3) symmetric spin 
chain to all orders in perturbation theorjj^. The magnon momenta are to be deter- 
mined by the Bethe ansatz equations obeyed by the scattering matrix j2|, [sf. For an 
m magnon state, the total energy is given by the additive relation 



The factorizability of the S'-matrix and its determination up to a single function are 
both consequences of the fact that the underlying symmetry is SU {2\2) and that the 
fundamental excitations fall on atypical representations. The tensor product of this 
representation uniquely gives a single new irreducible representation, allowing us to 
constrain the scattering matrix up to a single function of the magnon momenta. The 
formal (matrix) structure of the two particle scattering matrix, is hence a direct con- 
sequence of the symmetry and the details of the models that realize these symmetries 
lie hidden in the parameter /i, the scaling function h{\) and, relatedly, S'°2- 

While the Yang-Baxter condition on the S'-matrix is a necessary condition for 
integrability, it is certainly not sufficient. One typically needs to augment this with 
the existence of additional conserved charges to gain surer evidence of integrability. 
In the case of the three dimensional gauge theory we have presented this evidence 
in the form of higher conserved charges up to the two loop order. At least in the 
SU (2) sector, one can hope to reliably use the asymptotic Bethe ansatz techniques to 
compute the spectrum of the three dimensional gauge theory at this loop order. The 
Yang-Baxter relation satisfied by the full SU (2|2) S-matrix suggests that Bethe ansatz 
techniques may be applicable to a larger sector of the gauge theory at and beyond 
two loops. Clearly, probing the structure of the spin chain describing its spectrum 
at higher loop orders (even in the SU{2) sector) and understanding its integrability 
properties remains an exciting open problem. 



6 Comments on PWMM and A/" = 4 SYM on M x 



The principles used in constraining the spectrum of the three dimensional gauge 
theory used above can also be employed in the study of the PWMM and A/" = 4 
SYM on R X S^fZ^. These theories have a rich moduli space of vacua. However, 
as long as a well defined large- expansion can be implemented, the spectra around 
each of those vacua can, in principle, be constrained by exactly the same use of the 
SU {2\2) algebra as explained above. The different vacua would simply correspond 
to different h{X). For example, the h function for the PWMM around its trivial 
vacuum has been computed at the leading order on the string theory side in [3] 
and up to the four loop level in perturbation theory in (lolf^ . A different large- A^ 

^The Yang-Baxter algebra is also a consequence of the Yangian symmetry exhibited by the S'- 
matrix [irt - 

^°For an exposition of the perturbative realization of SU {2\2) in weaky coupled PWMM see [28| . 



m m 



(62) 



i=l 1=1 
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limit for the matrix model can also be taken if it is expanded around its so-called 
fuzzy-sphere vacuum [2^. This expansion simply maps the matrix model to the 
three dimensional gauge theory studied above, and the corresponding h would be the 
one computed up to two loops in the preceding section. Thus, while the different 
h functions are determined dynamically in these different theories, the role of the 
underlying SU {2\2) and the consequent dispersion relation (162|1 appears to be generic 
to the dimensional reductions of TV = 4 SYM on R x S"^ that preserve the S'f/(2|3) 
symmetry. Furthermore, the "matrix" structure of the SU{2\2) S-matrix would also 
be the same for this class of theories, with the specifics of the models and choices of 
vacua being encoded in the dynamically determined observable ^412. As mentioned 
before, these universal properties are however crucially contingent on there being a 
systematic large- limit for the study of the spectrum of any of these given models 
around a particular vacuum, which is assumed to be "well separated" in the sense 
described belo\\0. 



7 SU (2\2) from string theory 

In this section we will discuss the emergence of the SU{2\2) algebra in the string 
theories dual to the family of gauge theories with 16 supercharges discussed previously. 
We will succeed in deriving the explicit algebra in the plane- wave (BMN-like) limit, 
i.e. in the limit that the magnon momenta ^ 1. This amounts to analyzing type 
IIA strings on the plane-wave, for which exact quantization has been performed. The 
main point of the analysis is to show the emergence of the central charges through a 
relaxation of the level-matching condition. This was originally understood for the full 



AdSf) X 5*^ superstring in ll|; we will have to content ourselves with the plane- wave 
limit, as the full geometries relevant to our cases are complicated and have so far 
not admitted a solvable sigma model. We find it useful to first review the bubbling 
geometries method which was used to construct the full dual supergravity solutions - 
the so-called Lin-Maldacena solutions - in which the problem is reduced to a classical 
axisymmetric electrostatics problem [3]. The results presented here and in sections 
17.11 and 17.21 are known from the literature. Our contribution - deriving the SU{2\2) 
algebra - is presented in section 17. 3[ 

The geometries have the bosonic symmetry M x 5*0(3) x SO (6); they contain 
(in addition to the temporal direction) an S"^ and an whose radii vary with the 
remaining two coordinates p and rj. The geometries may be thought of as arising 
from M2 and M5 branes wrapping these contractile spheres. These geometries also 
contain a (p, ?7)-dependent dilaton and B-field, of which the latter has its legs in the 
S"^. There are also one- form and three- form Ramond-Ramond potentials Ci and O3, 
similarly dependent only on (p, 77), for which Ci oc dt and oc dt A dQ2, where dfl2 
denotes again the S'^. The {p,i]) plane is the scene of the axisymmetric electrostatics 
problem (p is the radial, and 77 the axial coordinate), whereby the electric potential 
V{p, rf) comes to inform the specific dependence of the geometry on those coordinates. 



^"'^The well-separatedness of the vacua and formulations of large- limits are not independent 
issues [7l.l29|. 
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More specifically the electric potential is that found in the presence of a configuration 
of "critically" charged conducting disks centered on the 77-axis, subject to a certain 
asymptotically defined external electric field. The "critical" charge corresponds to the 
condition that the charge density exactly vanishes at the edge of the disks, which in 
turn implies that the electric field is non-infinite there. This condition on the charge, 
and the asymptotic form of the external potential, are determined by requiring that 
the corresponding supergravity solutions are well-behaved and non-singular. The 
total charge per disk and the distance between disks are proportional to the units of 
^dC^, and dB2 flux on six- and three-cycles constructed from the and S'^ and a p 
or, respectively, rj fiber. The emerging picture is very attractive, with the solutions 
in one-to-one correspondence with disk configurations. 

The disk configurations corresponding to the dual of SYM on M x S*^ are the 
simplest: finite radii disks, a single disk corresponding to the trivial vacuum where all 
scalar fields have zero VEV. Adding more disks corresponds to the other vacua of the 
theory, see j3| for a discussion. SYM on M x S'^/Z^ consists of a periodic extension of 
this configuration, extending to ±00 in rj. Finally, the dual of the PWMM is obtained 
from an infinite disk at = giving the trivial vacuum, other vacua being obtained 
through the addition of finite-radii disks at > 0. The simplest plane- wave limit of 
these geometries is given by the IIA plane- wave with 50(3) x SO{A) symmetry 



ds^ = -2dx+dx- - ( (^0 x'x' + x''xA {dx+f + dx'dx' + dx^'dx 



(63) 



-^+123 — P — — 3F. 



+4, 



where i and i' run from 1 to 4 and 5 to 8, respectively, and where (3 is an arbitrary 
positive constant. This geometry is obtained by expanding the Lin-Maldacena ge- 
ometries around the region corresponding to the edge of a single disk, ensuring any 
other disks are well-separated from this region; this is what is meant by "well-spaced" 
vacua in footnote HI 

Consistent with the focus of the paper, we will use SYM on M x S*^ around the 
trivial vacuum as the prototypical example, but of course the analysis following (in 
sections mi - 17. 4p is valid for the single-disk, plane- wave limit dual of any of the gauge 
theories. The full supergravity solution dual to the trivial vacuum of SYM on M x S*^ 



isQ 



5 



-8(1 + r'^)fdt^ + 16/-^ sin^ OdVt 
8rf f dr"^ ^ 2r [r + (1 + r^) arctanr] / 2 

' du H ttiZn 



1 + r^) arctanr Vl + r^ / 1 + r arctanr 



/ = Y + (cos^ 6 + r^) arctanr], 

^wo2A/2[r + (-1 + r^) arctanr] cos6' ^ 

B2 = -L^'^ d Vt, 

1 + r arctan r 

e* = ifL^/^8r2(l + r arctanr)~2 [r + (1 + r^) arctanr] ^2/^ 2, 

(64) 
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Figure 1: The Lin-Maldacena solution dual to SYM on M x 5*^ is a completion of the 
D2-brane geometry 30|] to the IR region (small r). 



2^ ^12^2 (65) 



with 

^ _i [r + (1 + r^) arctan rl cos , 

Ci = -K L ^- ^ dt, 

2r 

v2(l + r arctan r) 

where L and K are constants which will be related to gauge theory parameters below. 
This solution may be viewed as an IR completion of the D2-brane solution on M x S*^ 



30[, which suffers from a diverging dilaton as the radial coordinate r approaches zero, 
invalidating the 10-dimensional description, see figure [TJ The D2-brane solution is 
given by 

dsl, = a'C'/'(^r'/^-dt' + dnl)+^^+r-'/^dnl^, = ^,r-'^\ (66) 

where = Gn'^g'^N/ fi, g is the Yang- Mills coupling constant, and l//i is the radius 
of the gauge-theory S'^. Here we have used dimensionless coordinates t and r in order 
to match- up with those of ds\j^j. It will be important for us later in matching to 
the gauge theory results that t = fityhi, where tyM is the dimensionful gauge theory 
time coordinate^. Indeed taking r — )■ cxd and scaling r — )■ (8/7r)^/^r, t — )■ t/2 in ds'j^j^, 
ds\j2 is recovered with the following identification of parameters 

where we have introduced the dimensionless gauge theory 't Hooft coupling A = 
g'^N/iJL. As was explained in 0], this identification gives L and K in terms of gauge 
theory quantities. Plugging them into the Lin-Maldacena solution string coupling 
exp($), one finds ~ X^^^/N x g(r,9), where the function g{r,9) is always finite (i.e. 



-"^^The coordinate r is related to the usual coordinate U from [30] hy U ~ C^/"^ 



fir. 
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< 0{1)) and goes to zero for large-r as r~^/^. This implies that at large- A^, the string 
coupling is suppressed everywhere, and so the solution may be trusted for any r. 

The coordinate r is related to the gauge theory energy scale. The running of the 
SYM coupling constant is trivial and given simply by dimensional analysis, so that 
the dimensionless effective coupling is given by Qeff = g'^N/E, where E is the relevant 
energy scale. Since we have SYM on M x S"^, it is more sensible to express this scale 
in units of the S"^ radius l//i, i.e. £ = E/^, and so write g^jf = X/S. This running 
is reflected in the string solution by the coordinate dependence of the string coupling 
exp($). This allows us to identify S 6) and so at large-r, S ~ r^'^. The 

curvature scale of the geometry, for example the inverse radius of the S^, diverges for 
large-r. Thus the strongly curved region corresponds to weak effective gauge coupling 
or large gauge theory energies; we will therefore call this the UV region. In this part 
of the geometry (for large- A^), strings propagate classically on a string-scale-curved 
background. The small-r or IR region corresponds to strong effective gauge theory 
coupling and weak curvature scales in the geometry, where a classical supergravity 
analysis is appropriate. 

If the large- iV limit is relaxed, the geometry may still be trusted for large enough 
r, but at small r the string coupling will be large leading to a transition to an 11- 
dimensional description. For small N, one expects then to make contact with the 



superconformal M2-brane or Bagger-Lambert-Gustavsson 3lN34| theory (i.e. ABJM 



35l | at = 1, 2) and their massive counterparts |36l-l39l|. Of course, we do not expect 
to find integrability at finite A^. 

We are interested in taking a Penrose limit of the Lin-Maldacena geometry around 
a stable light-like geodesic on the 5*^. The geodesic is a line in the t-(f) plane, where 
(j) describes a great circle in the S^. This geodesic is located in the deep IR at r = 0, 
9 = 7r/2, corresponding to the strongly coupled limit of the gauge theorjQ. The 
radius of the in at r = and ^ = 7r/2 is equal to 

^ = 8V2L'/'=(6n'xY^\ (68) 
a 

where we have used ( 167|1 to express it in terms of gauge theory quantities. In order to 
take the Penrose limit we define the energy E and angular momentum J generators 
as idt = E — J and —id^ = J, and then define {R^ = -R^s) 

x+=t, x~ = R'^{t- (p), p- = id^+ = idt = E - J, , . 

p+ = id^. = R-\idt - id^) = R-^E ~ R~^J, ^ ' 

so that the light-cone energy is zero for E = J. We will take the usual BMN-like 
limit by taking i? — > oo and concentrating on states with finite and p~ , so that 



^•^This location in the r-9 plane corresponds to \gtt\ = Scjicji- At this location we have a massless 
geodesic corresponding to E = J. Away from r = 0, 6 = tt/2, E > J and the geodesic describes a 
particle of mass rri^ = E^ — . Thus the chosen geodesic is a stable minimization of the energy 
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E > J R^. Starting from we take a Penrose limit around r = 0, 9 = n /2 



2 R ' R ' 



^^^5 - ^ ^2/4)2 + (1 + ^2/4)2^'?^ ' ^ - i? 



(70) 



where G is the embedding of the unit-S*^ which appears as d£(\ in f l64|) into M'^. This 
gives the IIA plane-wave 

ds^ = -2dx+dx- - i^Ax'x' + x''x''^ (dx^)^ + dx'dx' + dx'' dx'' + C(i?"^), (71) 

where one can match-up with (163|) by settinj^ /5 = 6. In the following sections we 
will analyze the a:* excitations of strings on this geometry. It is of course well-known 
that the energy of such excitations are given by 




p-=yA\7:] +7-7ZT^^ (72) 



where are the worldsheet momenta of the excitations. Using (!67|) and (169|) . and 
setting (3 = 6 one obtains 



i 

which matches the gauge theory result (!62|) in the ki = rii/ J <^ 1 limit, and through 
(EH]), gives us the strong coupling limit of the function h{X) 

^(A) ^ (evr^A)'/'. (74) 

It is worth pointing out that while the three dimensional gauge theory only has 
sixteen supersymmetries the plane wave geometry is invariant under 24 supersym- 
metries. This is suggestive of an enhancement of supersymmetry in the BMN limit 
of the strongly coupled gauge theory and a potential connection between the three 
dimensional strongly coupled SYM theory and M = Q Chern-Simons models. 

We will now continue with an analysis of the supersymmetry algebra of strings 
on the IIA plane- wave, with the ultimate goal of uncovering the SU {2\2) structure 
found in the gauge theory. We begin with some general known results. 



^''^One may also verify that the Ramond-Ramond field strengths come out correctly. Note that 
the constant /3 may be absorbed into the coordinates and their relations to gauge theory parameters 
and has no physical significance in the gauge theory. 
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7.1 Light-cone gauge strings on a plane- wave 

The light-cone gauge quantization of strings on the plane-wave geometry ( l63l) corre- 
sponding to the Penrose limit described in the previous section was carried out in the 
series of papers 40l-|42| . Using this analysis, we will show that the SU{2\2) algebra 
emerges from the commutation relations of the supercharges. The main issue is to 
show that the central charges emerge from a relaxation of the level-matching condi- 
tion, exactly as was shown for strings on AdS^ x in We will find it useful to 
repeat portions of the analysis in j41|, both in the interest of readability and because 
we will use slightly different conventions. 
The string action is given by 



S 



d^a 



-hh 



ab 



-2daX+dbX- + daX^dbX^ - M{X^)daX+dbX^ 



- 2daX+9T-db9 + daX+dbX+T{9) 



+ 26"' daX+ 9T 'db9 



(75) 



where the index / = where ^ = 1, 

introduced the shorthand 



, 4 and i' 



, 8, and where we have 



M(X^) 



X'X' + 



X' X' 



T{9) 



2 



r 



123 



) 9. (76) 



We will hold off for the time being on the explicit details of the fermions 9 and the 
10-d gamma matrices T^. We continue by calculating the Virasoro constraints, and 
then imposing the light-cone gauge 



/iafe = diag(-l, 1), X^ 



(77) 



We find 

X~' 

X- 



2a'p^ 



X-X' - a'p+9r-9') , 



X^ + X'^ - {a'p+fM{X') - 2a'p+9T-9 + {a'p-^ fT{9) 



where '=80 = 8^ and ' = 81 = 8^-, and the inner product is over the composite 
/ index. Using these expressions to eliminate X~ we may calculate the light-cone 
conjugate momenta. The Lagrangian L and Lagrangian density C are given as 



from which we calculate 

p+ = 

p" = 



S 



2-K 



daP^ 



2tv 



daP- 



dr L 



d^aC, 



(79) 



6C 



2-K 

da 

V 5X- 
da : — 

V 



(80) 



H. 
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The first of these equahties is a tautology resulting from the consistent definition of 
X"*", while the second yields the light-cone Hamiltonian if, given by 



H = ^ [ ^ da (x^+X'^ + {ayfM{X')+2a'p+er-''e'-{a'p+fT{e)]. (81) 

Ana' p+ Jo ^ ' 

The first Virasoro constraint in ( 1781) yields one extra piece of information, the level 
matching condition. It is this condition which is relaxed in order to reveal the central 
charge of the 5*^/(2 1 2) algebra. This issue has been worked out for the AdS^ x string 
in HI], where it has been shown that the central charge, related as it is to changing 
the length of the gauge theory spin-chain p], appears in the string treatment by going 
off-shell through a relaxation of the level matching condition. Specifically, one takes 
the total worldsheet momentum to be 

p^, = [ daix-X' - a'p+er-e') ^ O. (82) 

a'p+ Jo \ / 

We will see that the supersymmetry algebra will allow us to associate pws with the 
gauge theory magnon momentum k. 

7.2 Supercharges and algebra 



The fermions 6 are given by [42 



= ^^7^ ( .,°4 ) , (83) 



v/2^?^2i/4 

where the are 16-component real and are further decomposed according to their 
SO (8) and 50(4) chiralities 

l'^Pi = +^|Jl 7V| = -^|, 7'''Vf = ±^^. (84) 

The gamma matrices and related conventions are collected in appendix K] There are 
2 dynamical supercharges and which have been constructed in [41], they are 



Ql = [ ^da (9_XV^i + "^X^l'l'^l 

Ana' yja'p^ Jo ^ 3 



-|- (z — )■ i', ip+ <H- Tp-, m — )■ —m/2) 



2n 



^5) 



Q'- = J^^^ I da (d^X^Y^l - ^X^7^7Vi 
Ana' y/a'p+ Jo ^ 3 

+ {i ^ i', ip+ ^ V-5 ^ -'"^/2)j, 

where d± = dr ^ d^, and m = [ia'p^ . The canonical commutation relations for the 
fields at equal times r are given by 

[X\a),X\a')]=t2na'6'-^6{a-a'), {^-f (a), ^-f (a')} = 2W5^^5(a - a'). (86) 
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In order to reveal the SU {2\2) algebra we are interested in, we find it necessary to 
define the following projected supercharges 

Q = ^(1 + 7^) [Ql + ^Q'_) , Q^Q* = ^(1 + 7^) {Ql - ^Q^) , (87) 

and then to restrict Q and Q to the appropriate subalgebra. First let us quote the 
result before the restriction. We fincrj 



{Qa, Q13} = (1 + 7')a/3 J^^{1 + - f J'^^{1 + ^%fs, 



{Qa,Q^} = -^^il+l')c 
{Qa, Qp} = ^^^(1 + 7^)a/3, 



where a,/3,7 are 5*0(8) spinor indices ranging from 1 to 16, and where 

J = / daiX'X' - X'X' 

Ana' Jq V 

- 7 (i^Wh- + ^Whi + i^Whl + '^^-i'h-) ) ii. (89) 



^yr— / T — ■ T -f- I r-i- ■ r ^ I r-|- ' r — i ^ ~ J J '"7' 

J'a, = ^ £^ da[rx^' - X^'X^' - (^i7^'^>i + ^^7^'^>^+)) 7S', 

where we have introduced the 50(3) index i = 1,2, 3. Notice the crucial observation 
that the centrally extended algebra (i.e. non-zero values for the {Q, Q} and {Q, Q} 
commutators) comes from a relaxation of the level- matching condition fl82|) . 

7.3 Restriction to 5^7(212) 

In order to uncover the SU {2\2) structure, we need to decompose the 5*0(8) fermions 
into SU{2)^. This decomposition is discussed in detail in |43|. We note that ip'^ is in 
the 8c of 5*0(8) while ip]. is in the Sg. The decomposition into SU{2)'^ is different for 
the different 5*0(8) chiralities 

8. ^(2, 2) 0(2', 2'), i.e. ^ © 
Be ^(2, 2') 0(2', 2), i.e. ^.^^OV^-S^ 

where a and a run from 1 to 8 and ai, a2, ai, ^2 are the indices of the four 5*[/(2)'s. 
The indices and gamma matrices are expounded in appendix |Al We are interested 
in excitations lying in the 5*0(4) piece of the geometry (i.e. labelled by indices i' ,]')■ 
Therefore we restrict our attention to the X* fields and their superpartners ip"^ and 



^^We also find a contribution to {Q, Q} and {Q, Q} given by 

— Jg da (?/;i'(/'i': — ■(/;j^V-'+ + V'+V-'+ ~ V'-V'-) (1 + l'^)ap, which is a vanishing sum of 

J(0) infinities. 
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There is a freedom in choosing either Q ~ Q\_ + i'y^Q'^ or Q ~ l^QX + iQ^ for 
our SU {2\2) supercharg^, without loss of generahty, we choose the latter option. 
Specifically, we define 



QT = 7= / da{ (td+ + - ) 

+ {id- + j) X-^^ ta'Z ^\ 



o"i72 



(91) 



0-172 



where we have defined X"^'''^ = X^'cr*'"^''^^. We will now express these supercharges 
in terms of string oscillators. We will be interested in the action of the algebra on 
excited states, and so we leave out the zero-mode part of the following expressions. 
The mode expansions for the fields were worked out in detail in [4l|] and are collected 
in appendix |Al With these expansions we find 



QZ = ^-J^H^n 



(92) 



where ?/'l„ai72 = ^ o-Ar'^-nai72 5 and where 



/ + ^'""-") . c.„ = .ign(„),/(^)%„^. (93) 



!+(-)■ 



w„, - n) 



V 6 / 



In order to accomplish a realization of the SU {2\2) algebra, we must identify a re- 
stricted set of level-I states upon which the algebra closes. These are states with one 
oscillator. We choose it to be a left-moving (untilded) oscillator, but the opposite 
choice is equally valid. The main point in uncovering the SU {2\2) structure, as was 
discussed previously, is to relax the level-matching condition. We therefore do not 
consider any right-moving excitations. We define the (un-level-matched) states 

1/^),, = a^^„,jO), \^^^),, = ^^.\,2\0), (94) 



i^^Since Ql and Ql are of different SO{S) chirality, Ql + iQl or "f'^{Q\ + iQl) mix SU{2) 
representations and can not contribute to a SU {2\2) supercharge. 
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where 72 is a spectator index which we subsequently drop and n > 0. We then find 
the standard SU{2\2) action 



(95) 



where we have that 



gj7r/4 gi7r/4 

a = 2i—===nnUJn, b = i^===Q^n, 

g-i7r/4 g-i7r/4 
C = — 2z , Q^n ^n, d = —i , VLr. 

72^ ' 72^ 



(96) 



We note that 



]-{ad + hc) = ad-bc = {nl-n\) ^, 

ah = (cd)* = —QM^n^^n 



(97) 



where ~ indicates the n <^ a'p^ hmit. We notice the consistency with our expec- 
tations: the energy of the state (i.e. p~) is indeed given by {ad + bc)/2, while the 
central charge ab is indeed proportional to the small n limit of (e"*"/-^ — 1) with the 
consistent proportionality constant B? /a' appearing in the energ}0. Computing the 
{Qi Q} commutator using f l92|) . we find (in the n <^ a'p'^ limit) 

{Qt. Qt) = ^l^^H + ^ + ^ 5-7^£, ^^^^ 



wheri 



^ n>0 



= \'l2~ ("-n'""a272 - "-^"""7272 + right-movers j , 

n>0 ^ ' 

= E - ^^£^-n72C,, + right-movers) , 

n>0 ^ ^ 

H = -J^ Yl {^-n^n + V'-n^aV'J'^i + right-movcrs) , 

TT ( — a-n"n + ^-n^2^n^i " "ght-movers J . 

n>0 ^ 



(99) 



v = -k: 



^^Here we have used p+ = J / B? , see (|69p . 

^^Supersymmetry ensures that the normal ordering constants m H and V are zero. 
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Note that V is nothing but the level-matching operator (restricted to the X*' super- 
multiplet) as previously discussed. One can then verify that the action of TZ and C 
upon our states are 

T (100) 

as they should be. Finally we note that the value of ad — he from (l^7|) is what it 
needs to be in order to close the algebra. We have thus found the centrally extended 
5t/(2|2) algebra in the n < hmit of the string dual to SYM on R x 5^. 

7.4 Generalizations, ^-matrix, finite-size eff"ects, and giant 
magnons 

As discussed at the start of section [71 the IIA plane-wave appears in the BMN-like 
limit of the string duals of a rich class of vacua of any of the three theories: SYM 
on M X SYM on R x /Z^, or the PWMM. Thus the ^?7(2|2) algebra derived 
in the last section exists in all of these theories, as long as the vacuum for the model 
being studied is well separated. For analyses similar to those at the start of section 
El but for R X S^/Zk and the PWMM, see 0. Having found the SU {2\2) structure, 
it is natural to ask whether we can repeat the very rich battery of tests and analyses 
which have been carried out in the case of AdS/CFT for AdS^ x S^, assuming that 
our gauge theories really do posses an all-loop integrable sector. These include the 
matching of energies of spinning strings to the thermodynamic limit of the associated 
spin-chains, matching the worldsheet S-matrix to gauge theory, matching finite-size 
effects (i.e. 1/J corrections to the energies of states), and the existence of sohtonic 
string configurations with very large worldsheet momentum, the giant magnons. In 
this section we will visit each of these issues in a qualitative manner, leaving any 
concrete analyses to further work. 

7.4.1 Worldsheet S'-matrix and finite-size effects 

In order to discuss a worldsheet S-matrix, we must have an interacting sigma model. 
Since the plane- wave worldsheet theory is free, one must include curvature corrections 
in order to develop worldsheet interactions. The near plane-wave limit is complicated 
(as compared to the AdS^ x case (3|) by the dependence of the Lin-Maldacena 
geometries on the p and rj coordinates (the coordinates r and in (IMI) ). i.e. the spatial 
coordinates transverse to the S'^ and S^. The dilaton, B-field, and Ramond-Ramond 
field strengths develop dependence on these coordinates away from the strict plane- 
wave limit, i.e. their 0{R~'^) corrections are rj and p dependent. However, despite 
these complications, if, as we expect, the SU{2\2) symmetry is exact and so remains 
at 0{R~'^), then the S'-matrix is highly constrained by this symmetry, to a single 
undetermined function S°2 (see fl60|) ) [2|. If we consider the scattering of the bosonic 
SO (4) excitations (the X* of section [7T1) on a subset of states with no excitations from 
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the 5*0(3) part of the geometry, then we will find the same relevant S'-matrix elements 
as those found for the AdS^ x superstring in 45|. This is the trivial statement that 



both theories share an 5* and so share its near plane-wave geometry. But then the 
function 5*^2 is determined at this order in the large- i? expansion. It would therefore 
not be surprising if the only change between AdS^ x and the theories considered 
here is that A is with replaced with i.e. that the same expression for the 

BES phase-factor [i^ found in the expression for in = 4 SYM is the relevant 
one here with A — >■ h{X). Further work would be required to verify (or disprove) 
this possibility. Similar statements apply to the finite-size corrections to the string 
spectrum. At leading order, these are given by first-order perturbation theory, and 
by the same logic, states built from bosonic 5*0(4) excitations alone must share the 
same leading order finite-size corrections as those found in AdS/CFT. The non- 
trivial information comes at next-to-leading order, where second-order perturbation 
theory must be used, and where 50(3) excitations appear in the intermediate states. 

7.4.2 Spinning strings and giant magnons 

Continuing our analogy with AdS^ x 5*^ we may think about macroscopic spinning 
strings, corresponding to the thermodynamic limit of the gauge theory spin-chains. 
Again, the Lin-Maldacena geometries contain an 5*^ which is the site of the 5*f/(2|2) 
symmetry. Any of the spinning string solutions with spins only in the 5*^ may be bor- 
rowed from AdS^ x 5*^. The only difference is the modified relationship between the 
radius of the 5^ and the gauge theory coupling, i.e. the strong coupling consequence 
of replacing A — > h{X). The interesting question in this regard are the l/R"^ cor- 
rections to the energies of these spinning strings. A semi-classical calculation would 
require including the fluctuations of the 50(3) modes, and these have a very different 
structure than the corresponding ^4^55 modes (c.f. |46|). It would be very interesting 
to attempt such a calculation, which would go towards fixing h{X) at next-to-leading 
order at strong coupling and give information on the form of the phase-factor in 5*°2- 
The giant magnon is of course also present in the Lin-Maldacena geometries, for the 
same trivial reason that there is an 5*^ which will accommodate it. This is consistent 
with the strong-coupling limit of the 5*?7(2|2) dis per sion relation f l62p . The finite-size 



correction to the energy of the giant magnon |47|, |48[ does not require a semi-classical 
treatment; the calculation takes place within the M x 5*^ holding the magnon solu- 
tion. Thus that correction is also valid for our case with A — ?■ h{X). This finite-size 
correction has also been obtained from the integrability of A/" = 4 SYM through the 



Bethe ansatz |49|. There it is claimed that the match tests the form of the phase- 
factor appearing in 5*^2 • Thus, we have another piece of evidence suggesting that the 
A — )■ h{X) replacement may bring us from A^ = 4 SYM, to the potentially integrable 
sector described here for SYM on M x 5*^, SYM on M x S^/Zk, and the PWMM. 



^^Of course there will be a different h{X) for each gauge theory and each vacua around which the 
expansion is being carried out. 
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8 Concluding remarks 



In this paper we have found an apphcation for the rich constraining power of the mass- 
deformed SU (2 1 2) algebra in the gauge/gravity duahty for A/" = 4 SYM on M x S*^ and 
its dimensional reductions. We have mostly focused on the three dimensional A/" = 8 
SYM on M X 5*^ and its string dual to illustrate the use of this superalgebra in the 
computation of the spectrum of the gauge as well as the dual world-sheet theory. The 
two-loop gauge theory results and the leading order strong coupling computations 
done in the plane wave limit of the associated string theory suggest a potentially 
integrable SU{2\3) sector for this particular realization of the gauge/gravity duality. 
Moreover, we find that various quantities, such as the form of the all-loop dispersion 
relation and the "matrix" structure of the S-matrix for the gauge theory Hamiltonian 
are exactly the same in this theory as the planar dilatation operator for TV = 4 SYM. 

Despite the methodological similarities, there are various fundamental differences 
that distinguish the three and four dimensional gauge theories from each other. For 
instance, analytical dependence of the physical spectrum on the effective 't Hooft 
couplings, encoded in the function h{X). Furthermore, the world sheet theory for 
the three dimensional gauge theory is not a coset model which makes the issue of 
understanding even its classical integrability challenging. Finally, the gauge theory 
appears to possess multiple vacuaa (which is reflected on the string theory side in the 
various disc configurations discussed earlier), which is unlike the physical behavior of 
the four dimensional superconformal theory. It is thus gratifying that despite these 
differences, various physical quantities can be analyzed in both these gauge theories 
using similar techniques of analysis. Apart from another venue for the potential 
utihzation of the powerful algebraic methods tied to integrable structures, our study 
also opens up some interesting lines of investigation which we comment on below. 

An obvious question to ask is whether or not the tell-tale signs of integrability for 
the three dimensional theory translate into all-loop integrability. Integrability to all 
orders, even in a restricted sub-sector of the theory (like the SU{2) sector) would be a 
powerful boost towards performing a comprehensive test for the gauge/gravity duality 
without the use of conformal symmetries. Assuming integrability holds in a subsector 
of the gauge theory, the complete determination of the interpolating h function, which 
we have computed at weak and strong coupling, is certainly an extremely interesting 
question and might be amenable to analysis by methods such as the Y-system, which 
has recently yielded dramatic results [soj. 

As mentioned before in the paper, a fuller understanding of the the gauge/gravity 
duality for the other dimensional reductions of the four dimensional gauge theory 
might be gained by adapting the present algebraic techniques accordingly. In partic- 
ular, the interplay between the non-trivial vacua for the gauge theories in question 
and mass-deformed algebras is another potential line of investigation coming out of 
the present analysis. 

Looking beyond the immediate concerns of this paper and the computation of 
spectra; the role of supersymmetry in the study of other extended degrees of freedom, 
such as Wilson loops would be another interesting problem to study. The massless 
version of the three dimensional theory defined on has recently been shown to 
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posses a large class of BPS Wilson loops whose expectation values are completely 



determined by supersymmetry [5l[ . The investigation of the corresponding extended 
objects of the massive theory on R x S*^ should yield further valuable information for 
the field theory and its string theoretic counterpart. 

On a final, somewhat tangential note, it is worth pointing out that massive alge- 
bras also arise in the context of three dimensional SYM theories even in fiat back- 



grounds with minimal supersymmetry [52|. In these theories the supersymmetry 



algebra is deformed by the spacetime rotation group as opposed to the /^-symmetry 
group. Furthermore, the mass-gap for the gluonic fields in these theories is generated 
by a term that is closely related to the volume measure on the gauge invariant config- 
uration space for pure Yang-Mills theory in three dimensions |53| (for recent progress 
in three dimensional pure Yang-Mill theory on R x S*^, see |5J]). This is perhaps 
indicative of a potential deeper connection between massive supersymmetry algebras 
and dynamical mass-generation in confining three dimensional SYM theories. 
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A Gamma matrices and mode expansions 

The S0{1, 9) gamma matrices are given by (4^ 



v2 

where 7^ = ^12345678^ where are the 16x16 50(8) gamma matrices. We choose the 
following representation for them 

where a, a run from 1 to 8. We decompose the into two SU{2) x SU{2) represen- 
tations (one for each SO {A)): 

( ^ « ^i^^ ( ^ 

lad - I i^ift^aa q ^ , Ida - y^ia^Pi q I ' U^JJ 

lad=\ Q ,<.2fe , laa=\ q | (104) 

\ I3l / \ Pi "2/32, 
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The SU{2) indices at, Pi are raised and lowered using €0/3, where ei2 = —621 = 1, and 
similarly for the dotted indices. The a-matrices satisfy the relations 

<^CT^"^ + = 25^^5f , a^'^V^^ + a^^'-al^ = 25^^^ . (105) 
Some other properties satisfied by these matrices are 

ea/.e^^ = 5i5l - , (106) 

= -5^^^.^ + , - ^L^^^; = ^l) (107) 

c^L^^? = -S'^e^, + 4 , (4 = crla^^; = 4) (108) 

"^L^-J/j = 2ea/3e^^ , (109) 



= ^{^a-i^pS + ea<5e/37) , (HO) 



C^>5 = 0, (111) 



2<„aJ^ = + 0^,^^^^ - e^,^ - a^e,, . (112) 

The following Fierz identities are also useful for calculating the commutator of 
the supercharges, 

(^±)7 = + ^7;^ ^iiHi + ^7;T i^ii'^'i^l (113) 
(v^±)7 (v^?). =^7;, ^^^vj + ^7;; v^^^V?, (114) 

where no summation is implied on the A, B indices and 7, 5 are 5*0(8) spinor indices 
running from 1 to 16. 

The mode expansions (excluding zero- modes), for the string embedding functions 



are given by j41 

'^-Z = XI ^" (^""2 - ^ — {^n - n)a^"'^'ll!n^,a2 <Pnj , (115) 



where 



ujn = sign(n)W ( ^"j + ^2, = e*"'", c„ 



6 1 1--; T/t - 7 ~ IL / 



2 
a2 ' 



'l+(^) 

and so negative mode numbers represent creation operators. 



(116) 
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B Relation between 5*0(6) and SU{4:) 

The 50(9, 1) gamma matrices are given by 



n —n^^ 



satisfies {r^^,r^^} = e^^^^. p^^ and are defined by 



rAjrB xAjrB / ~AB\CD ^CDEF/AB 



[p )cD = dcdD-d^dc, [p 
The relationship between the SO{Q) and S'f/(4) bases is 



-e {p )EF - e 



ABCD 



(117) 



118) 



X 



AB _ ^^ABCD 



XcD, X 



AB 



X^"^ — X\q, Xi4 — -{Xi + iX, 



i+3) 



(119) 
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